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Abstract 

The solutions of the Drinfeld equation corresponding to the full set of 
different carrier subalgebras f C 5(3 are explicitly constructed. The ob- 
tained Hopf structures are studied, ft is demonstrated that the presented 
twist deformations can be considered as limits of the corresponding quan- 
tum analogues ((/-twists) defined for the g-quantized algebras. 

PACS numbers: 0220, 0365 
AMS numbers: 17B37, 20G42 

1 Introduction 

Triangular Hopf algebras A{m, A, S, r/, e; TV) pQ play an essential role in quan- 
tum theory and in particular for models with noncommutative space-time 
Quantizations of antisymmetric r-matrices (solutions of classical Yang-Baxter 
equation) form an important class of such algebras. They describe Poisson 
structures compatible with the initial Lie algebra q, i.e. the mechanical systems 
that can exist on a space whose noncommutativity is fixed by g. Such quan- 
tum algebras can be constructed in terms of r-matrices by means of Campbell- 
Hausdorff series 0]. However, these constructions are obviously inappropriate 
for an efficient usage of quantum 7?.-matrices. If one provides the elements of the 
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initial Lie algebra g with primitive coproducts A prim and consider the universal 
enveloping algebra U(q) as a Hopf algebra with the costructure generated by 
AP rim , then the solution T G £/(g)® 2 of the twist equation g| 

^i 2 (A®id)(^) =^ 23 (id® A)(^), (1) 

(e®id)jT= (id®e).F=l (2) 

allows one to find the solution of the Yang-Baxter equation, namely: TZ j: = 
T2\T~ X . Thus to obtain the set of solutions of the twist equations (the 
set of twists T) for the full set of carrier subalgebras in simple Lie algebras 
q used in constructing physical models is an important task (see for example 
|3] and the references therein). Such set of twists for a Lie algebra g will be 
considered complete if for any class f) of equivalent antisymmetric solutions for 
the classical Yang-Baxter equation (CYBE)we can attribute a twist (with 
a deformation parameter £) whose classical r- matrix, 

is a representative of the class [j. 

Each r-matrix induces a dual map that can be treated as a skew-symmetric 
bilinear form oj r that satisfy the condition 

w(x, [y, z\) + uj(y, [z, x]) + u>(z, [x, y]) = 0. 

Form u) r is nondegenerate on the space of a subalgebra g c C g. Such subalgebra 
q c is called the carrier of r. Subalgebras supplied with nondegenerate form u> r 
are called Lie quasi- Frobenius. The classification problem for quasi-Frobenius 
Lie subalgebras is far from being completed. The explicit classification is known 
for some types of Lie algebras and in particular for st 3 it was given by Stolin 

The construction of the twisting elements is not only important but also 
a difficult problem and for a long time only few types of twists were known 
in an explicit form |H1 EI E3 ■ I n this paper we demonstrate that using the 
factorization property ^2 Q2| °f twists the explicit solution of equations (llll'll 
can be constructed for any quasi-Frobenius subalgebra in sfe. In Section 2 the 
corresponding Hopf algebras - twist deformations [7(5(3) — ► Up (fife) - are 
classified and studied. 

The second fundamental problem in the study of triangular Hopf alge- 
bras is the relation between twist deformations and ordinary quantizations (q- 
deformations). In Section 3 we study the possibility to attribute to each twist 
T (and the corresponding deformation Up (f)) the quantum twist F' q defining 
deformation of quantized current algebra U q {s\y,) and specializing to a twist T 
of U(sls) in the limit q — * 1. The limit is assumed to be taken along some 
curve q = 1 + f(s) as f(s) — > for s — ► 0. In particular, we can obtain quan- 
tum versions of the quasi-Frobenius subalgebras through commutativity of the 



2 



following diagram 

U(f) U q (f) C^fe) 

M ^1 (3) 

E^(f) -^ E^(f) U F ,{7h) 

where i q is the embedding, 3(3 stands for the affinization of 5(3: or A 2 2 ^ and 
F' := {i q ® L q )F q (t,~ 1 (g) iq 1 ). Formally our quantization U q (s\z) is defined over 
C[s, s _1 ] and the specialization q — ► 1 corresponds to the limit s->0. In Section 
3 we step by step demonstrate that in most cases one can straightforwardly 
obtain U g (f) as a Hopf subalgebra of (5(3), the Drinfeld-Jimbo quantization 

of U(sl3) with the comultiplication deformed by some factor J: 

Aj(x)=JA q (x)J- 1 . 

U q (j) is fixed by the fact that it is a minimal Hopf subalgebra in U q (sla) with 
the property 

UMc[.) -> U(f), s -» 0. 

In the particular case of b^ ^ = {#13, E12 + E23} the Borel subalgebra belongs 
to the subalgebra 5(2 that is the special subalgebra of SI3 and we can define 
the corresponding q— quantization of Uib^) by embedding it into U q {A 2 2 ^). To 
define the q— twists corresponding to the twists described in section 2, we utilize 
an assumption that most of q— twists can be built out of q— exponentials and 
Abelian twists. The only twist deformation of U(sls) that seems to contradict 
this assumption is the one corresponding to the r— matrix r jn = \Hi?, A -E23 + 
77-E12 A -E13 (see formulas <|2"51) in 2.6.1). In the Appendix the special properties 
of the so called peripheric twists J3| are discussed. 

2 Classification of quasi-Frobenius subalgebras 
in 5(3 and twist deformations Uf{sIs) 

2.1 Abelian two-dimensional subalgebras 

We have four classes of nonequivalent two-dimensional subalgebras 6 denoted 

by 
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Any two elements Hi , Hi £ H form a carrier subalgebra for the so called Abelian 
twist (first described by Reshetikhin [7]): 

T n = exp(£ 12 #i ® ff 2 ) £ 12 G C. (4) 

Let A be the root system of fife. For any A 6 A let E\ E fife be the element 
corresponding to the root A. The twisting elements T-ji lead to the deformed 
costructure: 

A^(ifio) = ffi, 2 ® 1 + 1 <S> #1,2, 

(5) 

A^(E X ) = E x (g>e^ x ( H ^+e^ x ^ H ^E x . 
2.3 Mixed. Case f) (1) 

For any A S A(g) consider the Cartan element whose dual (H^) 

(with respect to the Killing form) is a vector orthogonal to A. This pair generates 
the two-dimensional Abelian algebra, the carrier for the twist: 

^ w = exp(£Jj£®£? A ). (6) 
Notice that here the parameter £ can be scaled by a similarity transformation. 
Ayr K (H) = H(g> 1 + 1® H -^{^H^ (g> E x , iJeH 



A^(£ m )U-a = £,0 6^^ + 1®^ + ^®^ 

+e# A L ® #a - £ 2 (#a) 2 ® ^ 

(It is assumed that -E{a+ m } is zero iff A + /i is not a root.) 



(7) 
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2.4 N+ subalgebra. Cases f^ ' 1 ) and f^ 11 ) 

Consider, for example, the commuting generators #12 + ^#23, #13 and the cor- 
responding Reshctikhin twist 

T n = cxp(£(£ 12 + f iE 23 ) (g> # 13 ). (8) 

Here the cases /j, = and /i 7^ are to be considered separately. The twist 
J~tz (£, /i = 0) cannot be scaled to T-r. (£, [i ^ 0). Though it is a limit for the 
family {J~ii (£,/■*)} as is clearly seen from the explicit costructure below. 

A^ TC (#i 2 + M#2 3 ) = (#12 + M#2 3 ) 01 + 1® (E 12 + M#2 3 ), 



A^ TC (#l 3 ) = #13® 1 + 1®#13, 

A^ TC (#12) = flu ® 1 + 1 ® -ffia - 3£# i2 <g> #13 + f f 2 M#i3 ® (#i 3 ) 2 

A^ TC (#23) = #23 <8> 1 + 1 <8> #23 - 3^E 23 ® # 13 - §£V#i3 (8 (#i 3 ) 2 

A^ TC (#21) = #21 ® 1 + 1 <8> £21+ 

+£#12 ® #13 - £(#12 + M# 23 ) ® #23 

-±£ 2 (2#i 2 - ^23) ® (#i 3 ) 2 + K 3 M^i3 ® (#i 3 ) 3 , 

A^ TC (#23 ) = #23 <8> 1 + 1 <8> #23 + £#13 ® #13 , 
A^ TC (#32) = #32 ® 1 + 1 ® #32 + &H 23 ® #13 

+ ^V(^i2 - 2m# 23 ) <8 (-Bi 3 ) 2 + 

+£(#12 + A^2 3 ) ® #12 ~ i£V£l3 ® (#1 3 ) 3 , (9) 

A^ TC (#3l) = #31®l + l®#31+£(-#!2+Ai#;i)®#13 + 

+£(#12 + M^2 3 ) ® #13 + ^ 2 M(^12 - #23) ® (^13) 2 
~£ 2 (#12 + M# 23 ) 2 «) #13 + 

+ i£ 3 /x(-#12 + M#2 3 ) <8> (#1 3 ) 3 + KV#13 ® (^1 3 ) 4 , 

2.5 B(2) subalgebras and Jordanian twists 

In this section the carrier algebra is normalized as 

[#,#]=#, (10) 

and the twist is Jordanian [8]: 

Fj=exp(H &*(£)), ( r(0=ln(l + £#), (11) 

the parameter can be scaled by ad(#). Our task is to enumerate the inequivalent 
B(2) subalgebras. 
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Choose the generator E in N + . We must distinguish the cases where the 
Cartan generator for B(2) can be diagonolizcd in N + and where it cannot. 
Only two-dimensional eigenspaces (for a Cartan subalgebra) could be found in 
N + . Notice that one can always add E to H without principal influence on the 
results, we shall not consider such cases separately. 

2.5.1 Irregular element H and E = E\ 3 

It is sufficient to specialize H as follows: 

H = a* En + aE 23 + (3E 12 , ^ a* = 0. (12) 

The coefficients a and (3 can be scaled by an appropriate &d(H ± ). We can have 
only the element proportional to E = jEi 3 here. The answer is a continuous 
family of B(2) subalgebras: 

H = fiE u + (l-2n)E 72 + (ji- 1)#33 + aE 23 +f3E 12 , E = E 13 . (13) 

Up to equivalence the corresponding Jordanian twist is represented by the fol- 
lowing expression 

T irr = CXp((H^ 2 + T]E 12 ) <g> CT13). 

The twisted coproducts are 

A(H 12 ) = H 12 ®l~2r 1 E 12 ®a 13 -(Ht 2 +r ] Ei 2 )®(l-e-< T ^) + l(g>H 12 ; 

A(H 23 ) = H 23 ®1 + r]E 12 <g> CT13 - (#12 + T)E 12 ) <g> (1 - e" ff13 ) + 1 <g> H 23 ; 

A(E 12 ) = E 12 <g> 1 + 1 <g> E 12 : 

A{E 23 ) = E 23 ®e a ^ +r 1 E 13 ®cri 3 e CT13 + 1 <Z> E 23 ; 

A(E 13 ) = E 13 <g> e^ 3 + 1 (g> E 13 ; 

A(E 32 ) = E 32 <g> e- ff13 + (H& + r)E 12 ) <g> E 12 e-°^ + 1 <g> E 32 ; 
A(E 21 ) = E 21 (g>l + i 1 H 12 (g>a 13 -i] 2 E 12 (g>(a 13 ) 2 

-{Ht 2 + r]E 12 ) ® E 23 e-°^ + 1 ® E 2 i; 
A(E 31 ) = E 31 ®e- a ^ - r]E 32 (g> a 13 e-^ + (H^ 2 + r)E 12 ) (gi H 13 e- ai3 + 

+((H& + V E 12 ) - {Ht 2 + flE l2 ) 2 ) ® (e-°» - e- 2CT13 ) + 1 ® E 31 ; 

Thus the irregularity results in the appearance of <j\ 3 in the coproducts. When 
both parameters a and j3 are zeros we come to the regular case treated below. 

2.5.2 Regular H 

Let 

H = a l E u , 5> 4 = 0. (14) 

In the case E — E\ 3 all the properties of the Jordanian twist are the same as 
described above. 

1. E = E\, with A being one of the simple roots. Let E = E\ 2 . Again 
we find the parameterized family of subalgebras (and correspondingly the 
twists) : 

{H = M £ n + ( M -1)E 22 + (1- 2^33, £12}. (15) 
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The case E = E23 is treated analogously. 



2. E = E12 + E23 ■ The case E = E12 + 7-E23 can be scaled to the normalized 
one: E — i? 12 + E 2 3- Immediately we find a 1 — 1, a 2 = 0, thus: 

{H = En — E33, E = E12 + E23} ■ (16) 

3. E = E12+E13. Again only the normalized combination is to be considered. 
The algebra is unique: 

|i? = -^En — 2^22 — 3^ 33 ' ^ = ^ 12 ^ 13 | • 0-^) 
The alternative combination E = E23 + E13 is treated analogously. 



2.6 4-dimensional carriers 
2.6.1 One Cartan generator 

In this case we can assume that the carrier belongs to the Borel subalgebra: 
L C B. Let H^_ ei _ e = (with the dual vector (-fff^)* orthogonal to the 
highest root e\ — €3) and assume that a 1 7^ a 3 in H = a 1 En. 
In this case the family of carrier algebras L {a, /3, 7, 5) C B , 

[H, A] = aA, [H, E] = 5E, 

[H,B]=/3B, [A,B]=jE, (18) 
a + (3 = 5. a,(3,7,i e C 

a representative can be chosen with 5 = 1 while 7 will finally coincide with the 
deformation parameter. So we are to consider only the case L (a, (3): 

[H, A] = aA, [H, E] = E, 

[H,B]=J3B, [A,B]=E, (19) 
a + (3 = 1. 

The set {L Q of carriers i|19|) is to be further classified due to the values of 
the second cohomology group £f 2 (L,C) and the orbits of the normalizer iV(L) 
(of L in SI3) formed by its adjoint action in H 2 (L, C) 6 . Consider the list of 
cohomological properties of L: 

dimZ 2 dimS 2 dimF 2 
3 3 

3 2 1 (20) 

4 3 1 

The first column describes the subsets in {L a / 3} that are to be considered 
separately. 



a,/3^0,-l 
a = 0,13= 1 1 
a = l,P = J 
a = -1,(3 = 2 \ 
a = 2,P = -l J 
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1. The case a, (3 ^ 0,-1. The carrier is the Frobenius subalgebra with the 
nondegenerate coboundary u> = E* ([,]). The corresponding twist is the 
extended Jordanian twist , it can be written in two (equivalent) forms: 

T s > =ex-p(~ZB®Ae- aa< -V)ex-p(H(E)cj(£)). 1 ' 

They are connected by the automorphism 




(22) 



For example in the case of Tgi the costructure is defined by the relations 

A £ (H) = H®e- a (V + l®H-£A®Be- ( l 3+ V' 7 ^\ 

A £ (A) = A <g) e _/3<T ^ + 1&A, 

A £ (B) = B <g> e fi<T ® + e CT («) ® B, 

A £ (E) = E <g> e CT («) + 1 <g> 

The 7?.-matrix has the form 

K £ = exp^Be'^ <g> A) exp(cr(£) <g> #) 

exp^-i? ® o-(O) exp(-^ ® Se"^)) (23) 
= l®l-£r £ +0(e)- 

The corresponding classical r-matrix is 

r £ = H AE + AAB. (24) 

The parameter £ in l|21|l can be scaled. Notice that equal coefficients in 
two terms of r^-matrix is the necessary and sufficient condition for the 
corresponding form lu £ to be a cocycle. The reason is that the extension 
factors in T £ and T £ i are the discrete twists and can only borrow the 
continuous parameter from the smooth set of Hopf algebras (twisted by 
Tj = exp(tf ® a(0))- 

When the carrier L a ,p is identified with the subalgebra of si (3) it is con- 
venient to describe the freedom in its definition by introducing the second 
Cartan generator H^~ 3 = \En — |i?22 + \E^ an d the parameter Q = a— |. 
In these terms the twisting element T £ from l|21|) takes the form 

T t = exp (££ 12 ® E 23 e(^>^ exp (Q#13 + £H&\ ® <r(o) ■ 
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The deformed Ug (sl(3) is defined by the following coproducts: 

A f (JJ 12 ) = H 12 ® 1 + 1® H 12 + (k H i3 + (H i X 3 )<8) (e- ff («)-l)- 
A f (iT 23 ) - tf 23 ® 1 + 1® H 23 + (iffi 3 + C^ii) ® (e~ CT(5) - 1) - 

Ag(f?ia) - ^12® e v ' + 1®E 12 - 
A £ (E 23 ) = E 23 (g, e^^"^ + <E> E 23 ; 

A £ (E 2 i) = E 21 ®e-^ +c -) a[i) + \®E 2l + 

H (Hi2 - \H 13 - (Ht 3 ) ® £; 23 e- CT «); 

A £ (B 32 ) - £ 32 ®e v ; + 1 ® £ 32 + ^12 <8> H 23 e y ' + 

+^(^13 + ^)^^126-^- 

-€ (1^13 + C*&) ^12 IS (eC"*)-® - e«-*)*«>) 

-£ 2 £i2 ® E 23 E 12 e ic ~ l>{0 - £ 2 £ 2 2 ® ^ 3 e 2 ( C -')^«; 

(25) 



A £ (£ 3 i) = E 31 ® e-*^ + 1 ® E 31 + 

H {\H 13 + C^ia) ® i?i 3 e- CT «) + 

(1 - \H 13 - (\H l3 + (Ht 3 ) ® (e""® - e- 2 ^) + 

+^(^13 + ^13-1)^12 0^25 e l 2J -2e V 2J 



(c-i)o-«) (<-§W) 
+^i2®^2ie V ' - £E 32 ® E 23 e y ' - 

-?E 12 ® H 13 E 2 J'- iy{ ° + eEh ® E^^; 



(26) 



2. The case a = — 1,(3 — 2. There are two twists for the carrier algebra 
L(-l,2). 

First we have the coboundary form of the previous type lo = E* ([,]). And 
the corresponding twists l|2*TJ) with a = — 1,0 = 2. 

The second possibility is due to the nontrivial elements of the cohomology 
group H 2 (L(— 1, 2)). The cochain 

(ip : L A L — > C) 

such that 

ip(A, E) ^ 

is not cohomologous to zero. This means that the form 

u) = B*([,]) + (A* A E* (27) 
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is a nontrivial cocycle for any ( € C. The corresponding twist is a com- 
position of a Reshetikhin and deformed Jordanian ^Jj factors. 



a(C,e)=Ml + ^-ieC 2 ^ 2 ). ( j 

Notice that the composition is possible due to the fact that after applying 
the Reshetikhin factor T-jz = cxp((A <g) E) we get the primitive Borcl 
subalgebra on the space generated by {H,B - \C, 2 E 2 }. 

Here we have the universal 7?.-matrix: 

TZjn = exp(ia(C, exp(£E® A) exp(-£A®E) exp{-^H® cr(C, £))■ 

(29) 

Choosing £ = r/£ we get the r-matrix 

r jn = ^HAB + r)AAE. (30) 

Obviously the term rjA* A E* can give the nondegenerate cocycle also with 
the second basic coboundary E*([, ]). The corresponding r-matrix has the 
form 

r' jn = H AE + AAB -r]H AB. 

Nevertheless a simple substitution (H — > H + A, A — > £> — > 

— (1/ 77) + E — ► — i?) brings us again to the r-matrix l|3UI) . Thus we 
have only two different solutions here. For the first of them the deformed 
costructure can be easily obtained as a special case of (l2l)|l . To present the 
necessary coproducts for the second case let us use the following injection 
in si(3): 

H = H23; E = Ei 3 ; A = Ei 2 ; B = E23; 

a(C,0=Mi + ^2 3 -^C 2 ^i 2 3 ) 
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In these terms the coproducts A jn are defined by the formulae 

Ajn(H 12 ) = H 12 ® l+^ff 2 3® (E 23 + (El 3 )e-°&0- 

-3(E 12 ® E l3 e~^0 + 1 <g> H 12 ; 
A J1Z (H 23 ) = H 23 ® e - CT «-^ + 1 ® H 23 ; 

A J1Z {E 12 ) = £; 12 ®e~3 CT («^) - i£ff 23 ® -Eise""^ + 1®^ 12 ; 
Aj^^is) = S 13 <g> e 5 CT («^) + 1 ® £ 13 ; 

A^(^2i) = £21 ® e3 ff «-0 _ ^ 12 ®(E 23 + (Ef 3 )e-i' 7 ^-V + 

+(H 12 <g £7ia + i£C#23 ® Sia^e - ^' + 1 ® ^21; 

Ajtc(^32) = £32 ® e"' 7 ^ + 1 ® E 32 + 

+(Ei 2 ® lue-H-fl - \£,(H 23 E 12 ® 

+ §£#23 ® (#23 ~ CE^lsK^"' 
+^(±#23 " |#f 3 ) ® (^23 " C J B 1 2 3 )e- 2CT( «' C) ; 

Aj TC (£3i) = Ear ® e -i a ^)+ 1® E 31 -C^32® £;i 3 e- CT ^)+ 
+CS12 ® i?i 3 e-^(^C) _ (*e\ 2 Sl3e -er(e,C) + 
+ 3^23 <8 (-B21 + C^13 ~ (H 13 E 13 )e~°^0 + 
+\&H 23 E 12 ® {-E 23 + 2C£ 1 2 3 )e-i ff («) + 

-e 2 C 2 (^ 23 - |#2 2 3 ) ® (£ 23 £i3 - C^ 13 )e- 2ff( ^ c) ; 

(31) 

3. The case a = 0, p = 1. This is the so called peripheric case The 
carrier algebra L(o,i) is defined by the relations (|18|l with a = 0, p = 1. 
Again we can use the same coboundary form !£*([,]) as in the case 1 and 
get the peripheric versions of the twists Ij21|) : 

JS" = exp(-££ <g) A) exp( J ff <g> o-(O) 1 ' 

with the costructure (for the version T-p) 

A V (H) = H®e- tr ^ + l®H-£A®Be- 2 <' < -&, 
A-p(A) = A <g e a( ^ + 1 <g A, 

(33) 

A P (5) = B®e'(«+e^®B, 

A-p(E) = £«e ff ^ + l®E. 

We have also the cohomologically nontrivial map ui that can be chosen to 
be 

uj h = H* A A*. (34) 

The only coboundary map that can extend this u>h to create a nondegen- 
erate form for L(0, 1) is again E* ([,]), 

oj = E*([,])+Cu> h =E*([,]) + CH*AA*. (35) 

The inverse of the w-form matrix acquires the additional term proportional 
to B A E. Notice that the costructure (|33J) provides a pair of commuting 
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primitive elements: a and Be~ a '. This signifies the possibility to apply 
the corresponding Rcshctikhin twist to the algebra Up(L(0, 1)) deformed 
by (|32fl . Again for the version Tp we have the composition: 

Tizv = exp^Be-^ <g> cr(£)) exp(£yl <8> Be -0 '®) exp(ff <g> <r(f)). (36) 

Parameters £ and 77 are independent. Putting r\ — we arrive at the 
r-matrix 

r nv = H A E + A A B + (B A E (37) 

which is in accord with uj in (|35[) . This construction can be easily im- 
plemented for the case a = l,/3 = with similar results. To conclude 
this point we must add that the two basic coboundary maps £?*([,]) and 
B*([, ]) can certainly be combined. This corresponds to the redefinition of 
the extension in the basic peripheric twists: 

Tp = cxp(£A <g> (B + (E)e-^)eMH <8 <t(0), ,„ R , 
Tp = exp(-£(£ + (E) ® A) exp(ff ® ct(£)). 1 ' 

The latter is possible due to the equal eigenvalues of ad(i?) on B and E. 



2.6.2 Two Cartan generators 

For any carrier of the type L Q p one can find in g the element H (that commutes 
with i?) and as a result remains primitive after the twist J-g or Tp. Notice that 
in this case the extended twist multiplied by the additional Rcshctikhin factor 
e Cff ®<r j g e q U i va i en t to the shift of the Cartan element, H — ► H + (H- 1 , 
in the initial extended twist. (When the additional twisting element is dragged 
through the extension factor the power in the exponent e~^ a is changed because 
(3 is shifted together with H.) Thus the additional factor does not produce new 
twist but results in changes of parameters of the carrier L Qj/ 3. 

On the contrary when two commuting elements are taken from N + (for 
example E12 and E13) the Cartan elements can be chosen so that the four- 
dimensional carrier algebra will have the structure of a direct sum of two B(2) 
subalgebras: 

[Hi 2 ,E 13 ] = E 13 , [H l3 ,E 12 ] = E\2- (39) 

with 

#12 = 3(^11 + ^22) - 3^33, 

#13 = a( El1 + ^33) - f-^22- 

Both B(2) subalgebras can be twisted by Jordanian twists simultaneously with 
independent parameters, both can be scaled (just as in the case of unique Jor- 
danian twist). 

Tjj = exp(i? 1 L 3 ® (Ti 2 (a)) eMHi 2 <8> 0-13(6)). (40) 
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&Jj{E 12 ) = E 12 ® e' 712 ^ + I ® E 12 ; 

&Jj(E 13 ) = E 13 ® + 1 ® E 13 ; 

&jj(E 23 ) = E 23 ®e-' T ^^e' T13( -^ +ZHt 3 ®E 13 e-< 712 ^ + 1®E 23 ; 

Ajj(E 21 ) = E 2l ® e^ rTl2 ^ l) + I ® E 21 - 

+6(^13 ~ (^fa) 2 ) ® (e" CT ^ - e - 2CT ^(«i)); 

A^(S 32 ) = £; 32 ®e' Tl2 (« 1 )e- <Tl3 (« 2 )+e2^i L 2<»Si2e- ,Tl3( « 2) + l®£;32; 

Ajj(S 3 i) = £ 3i <g) e- CTl3 ^ 2 ) + 1 ® £31+ 

+£ 2 iff L 2 ® ffi 3 e" CTl3( « 2) - Ci^is ® ^ 32 e" CTl2( « l) + 
+6(^12 - (i^) 2 ) ® (e^ 3 ^ - e" 2CTl3 (« 2 ))+ 
+6-^12^13 ® (e-' Tl2 (« 1 )e~ ,Tl3 (« 2 ) - e- CTl3 (« 2 )); 

Due to the appearance of two primitive o's (see the second two lines of the list) 
the general form in this case must contain additional Reshetikhin twist: 

Tjj = exp(C<ri2(£i) ® o-i3(6))exp( J ff i L 3 ® oi 2 (£i)) exp^ <g> 0-13(6)). (41) 

Only two of three parameters can be scaled here (to get a nontrivial contribution 
to the r-matrix the parameter £ can be chosen proportional to l/£ with £1 = 
ai£,£2 = a 2 £). 



2.7 6-dimensional carrier 

Up to the renumeration of the basic elements there is only one six-dimensional 
Frobenius subalgebra in sl(3) with the generators: 

{H i3 , H 23 , E12, Eis, E23, E 3 2} (42) 

This subalgebra can be considered as the simplest case of parabolic subalgebras 
in the classical series sl(N). The parabolic subalgebra arise when some negative 
simple root generators are dropped from the Chevalle basis of a simple Lie alge- 
bra. In our case this happens when the generator E^ e2 _ ei - ) = E 2 \ is eliminated 
from the basis. The remaining elements generate ^p. It is easy to check that 
this algebra has a trivial second cohomology, H 2 ^, C) = 0. Thus we have one 
solution, it is called the parabolic twist |14) . 

— F-dFej 

= exp(# 1 J 3 <g)(2o 1 3(£i)+032(6))- 

• exp(-£i£:23 <g> E 12 e°™^) exp(i? 23 <g> 0-13(6)) 

= exp(H 1 J 3 ® 013(^1)) exp(J?i3 <g> o 32 (£ 2 )) exp(H^ <g> 013(6)) • Fej 

(43) 

The parabolic twist factorizes into the ordinary extended Jordanian Tsj and the 
factor T-d- The latter can be considered as a deformed version of the Jordanian 
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twist. The final deformed costructure in *p looks as follows: 

A p (Ht 3 ) - (H& ® 1)(1 ® 1 + feCKi))" 1 + 1 ® ^3; 
A p (if ) = #± e-»i.({.)+i 8 ff 2 -L 32 + 

Hi(E 2 3 + ® £7 12 e-"««i) e -«rs 2 (&) e -ais«i). 

A p (Bi 2 ) = £7i2 <8> e^&e^i) + e «ns«i) ® £ 12 + ^ 2 H^E 12 ® £7 12 ; 

A (p ). ? ^23 13«0_^ 5® #23 \ h fil 

Ap(i?23) - 1, -6(4) 2 ®e-3(6) + 4 i j(l®l + 6C(6)) - 

+6(^3(^3 - 1) ® i)(i ® 1 + 6C(6))- 2 + 

+ 1® £ 23 5 

A p (£ 32 ) = £ 3 2®e <T32 (« 2 ) + l®£ 3 2+ 

+6(6^32 + 2e CT32 fe)tf 1 L 3 ) ® ^ 12 e- CTl3 (« 1 ) + 

+Ci 2 (Cl^3 2 + e^^H^H^ ® (£; 12 ) 2 (e CTl3 (« 1 )e CT32 (« 2 )e' Tl3 (« 
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+ ( -^)^ , ^)«<^'' l£ ' , -^' ,,£ ' ,) + 

+iiH^E 2Z ® e - ai3( ^ - ^E 23 ® i?i 2 e"' Tl3(6) + 
+^6^23 (^i) 2 ® Si 2 e- <T «« 1 )e- <T 32«2) e -2<r 13 «i) J x 

+ {^^^(^li - (^li) 2 ) ® E 12e - ,T "« 1 >e- , ™< & >e- ,T "« 1 >- 
-iiH^E 2Z ® e - CT13 ^)} (10 1 + 6C(Ci))- 2 + 

+£i6(l®l + &C(£i)r 1 x 

x {^2(^3 - (^s) 2 ) ® e- 32 « 2 ) e -^ 3 ^)} - 

® ^23e- CTl3(6) + 

® (^23 - l) e - CT32 ^e- CT13 ^ + 
+ (66^2 (^li) 2 - ZxH&En) ® e-'isttOe-^CfoJe-^sKi) _ 

-Zl&H^Hts ® J E 2 3 J B 12 e- <7l3 « l) e- <732 ^ 2) e- <7l3 ^ l) - 

-£ 2 ^23 ® e" ffl3(6) e"' T32( « 2) e"' Tl3( « l) Si 2 S23 - 

-£ 2 £ 2 2 3 ® S 12 e- 2ffl3 ^)(l ® 1 + e 2 C(a)) _1 (l ® e - ff32 (« 2 ) e -^ 3 «i)) 

+l®£ 2 i; (44) 



15 



A p (E 31 ) = E 31 ®e-°^ - {6^21+^(^3 - 1)^23-66^3^31 + 

+6 2 6(^23 - l)Hj- 2 H&} ® £ 12 e- CTl3(6) e- CT32(?2) e- CTl3(?l) + 

+a^®Hi3e^ 13(4l) 
+i\Ht 2 H^ ® {e- ai3 ^ - e - CT 32«2) e - CT i3(6)) + 
+6(^23 - (^a) 2 ) ® (e- ff13 ^) - e - 2 "is«0) + 
+ (£ 2 £ 2 3 + g&H^Hts) ® ff 13 S 12 e-^3(6) e — 32(€2) e — 13(6) + 

+ { 2 £l(#12 - 1)^23 ~ £l&#i 2 #13 + 

+? 2 6(^i L 2 ) 2 ^i L 3 } ®^i2e- CTl3( « l) e^' T32( « 2) e- 2 " 13( « l) + 
+ {2^2(^2 - 1)(^13 + 1)1?23 + ^CK^) 2 ^) 2 - 

-C?C 2 ^i2(ffi3) 2 } ® ( J B 12 e- ffl3( « l) e- ,T32( « 2) e-' Tl3 (« 1 )) 2 + 

+6(^23 ® e- CTl3 ^£ 32 )(l ® 1 + £2^1))^ + 

+£i((#i3 + !)^23 ® ^i 2 e- 2,Tl3(£l) )(l ® 1 + fcCtfi))" 1 - 

-tfaai + fcCfo))- 1 * 

x(H^E 23 <g> £ 12 e- CTl3 ( £l ) e " CT32(?2) e" CTl3(?l) ) + 
® i? 1 2 2 e- 2CTl3 (« 1 ))(l ® 1 + ^^(ei))- 1 x 

x(l <g> e - CT 32(«2) e -<ri3(€i))( 1 ! + ^ 2 C(^)) X 

X(l® e - CT 32(«2) e -^13(€l)) + 

+l®£ 3 i; (45) 

C(&) - 1 ® £32 + £1^13 ® ^i 2 e- CTl3(?l) . 



where 



The parabolic twist T p can be supplied with two natural parameters corre- 
sponding to two Jordanian-like factors: 

exp( J ff 1 - L 3 ® (2<ri 3 (0 + o-32(C))) exp(-££ 23 ® £i 2 e CTl3 («)) exp(tf 23 ® cti 3 (£)) 

(46) 
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If in the universal 7^-matrix for U p (^i; £, £), 

nM,0 = (^,Q) 21 0) _1 = 

exp((2<7i3(0 + (T 32 (C)) ® #13) exp(-££i 2 e ffl3 (« ® £ 23 ) exp(a 13 (£) <g> ff 23 )x 
x exp(-H 23 <g> o-i8(0) exp(£E 2 3 ® ^i 2 e ffl3 («)) exp(-i/ 1 J 3 <g> (2<t 13 (£) + £T 32 (C))- 

(47) 

the parameters are chosen to be proportional (£ = 7?£) the expression (|47H can 
be considered as a quantization of the classical r-matrix 

r P (v) = ^23 A ^13 + E12 A E 23 + riH& A £ 32 . 

3 Quantum twists for quasi-Frobenius subalge- 
bras in s[ 3 . 

In what follows we define quantum deformations (g-twists) for the twists con- 
structed in the previous section so that the diagram commutes. For the 
quantum algebra £/ q (s[ 3 ) the generators will be denoted by the small letters and 
we shall use the following defining relations: 

[hij,eki] = (Sik + 5ji - Su - Sjk) e k i, [e i2 , e 32 ] = [e 2 i, e 23 ] = 
[e^, e 2 ij = q _^i , [e 23 ,e 32 j = 
ei 3 ei 2 = q~ x ei 2 ei 3 , ei 3 e 23 = q e 23 ei 3 

e 2 ie 3 i = qe 3 ie 2 i, e 32 e 3 i = q^ 1 e 3 ie 32 

where the composite root generators ei 3 and e 3 i arc defined as follows 

ei 3 := e i2 e 23 - q' 1 e 23 ei 2 , e 3i := e 32 e 2 i - q e 2 ie 32 

and the coproduct is fixed by its values on the Chevalley generators 

A(hij) = hj (g> 1 + 1 (g) hij, A(e iii+ i) = q-^.^ 1 <g> e i;i+ i + e M+ i (g) 1 

A(e i+M ) = e l+M (g) + 1 ® e i+M . 

(7— twists are defined for the deformed carrier Hopf subalgebras in J7 g (sl 3 ). 
We consider these carrier subalgebras as q— quantization of the classical quasi- 
Frobenius subalgebras in s[ 3 . 

3.1 Abelian two dimensional subalgebras 
3.1.1 g-deformation for t) 

As far as in this case the carrier in C/ 9 (sI 3 ) 



H = 
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is undeformed, 

A(/ly) = hij ® 1 + 1 ® /ijj, 

the corresponding Abelian twist 

T n = expitC^hij ® ft w ) e C. (48) 

can be taken g— independent (with the limit exp(t^' ® Hu))- 

3.1.2 g quantization of f)^ 1 ) 
By definition 

b« = * 

and U q (\)^) is the following Hopf subalgebra of U q (sl3) 

A(e 12 ) = <T' 112 ® ei2 + ei2 ® 1, A(/i 1 L 2 ) = ft^ ® 1 + 1 ® ^ 2 

where /i^ = '|( e ii + e 22) — f e 33- The next step is to define a contraction of the 
algebra U q (sla) leading to the deformation of U(f)^') defined by the twisting 
element (see fflEl ) 

T = exp(£ Hi ® E x ). 

To find such limiting procedure we introduce a family of Hopf algebras equivalent 
to U q (i)^) . This family is obtained by applying to Uq^ 1 ') the similarity 
transformation defined by the coboundary twist. To fix its form we use the 
notations 

ex Pg (x) = — 

n>0 V V 

where 

(») 9 = £r, («),! = (l),(2) 9 -(n) 9> 
Now put = exp g 2 (is -1 e^). The necessary coboundary twist J (s, t) is 

J (s, t) := (W ® W0A(W -1 ). (49) 
According to the Heine formula ^5] 

{L-tX)q — 1 - + L,n>l t (HJ? 

= ex P 9 (l4^ X ) ex Pg-i (~f=f a; ) 

Thus the twisting element J (s,t) can be simplified, 

("\h 12 ) q 2 ■ ■ ■ (-|fei2 + n - l) g 2 g e? 2 
(n) g2 



J-(s,t) =lOl + ^(s- 1 (l-9 2 )rt ? 



n>l 
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If we require that 

q = l + s 2 t mod (s 3 i) (50) 
then J (s, t) contains only positive degrees of s and moreover 

J(s,t) = \®l mod (si) . (51) 

Now consider the element 

F q := (W d,W)q s ~ 1 - h ^ hl2 A(W- 1 ) = (Ad{W ®W) o (q s ~ Kh t2® h ^ J ( S: t) . 

(52) 

It defines a twist for {/^(sts) because it satisfies the Drinfeld equation being 
equivalent to the Abelian twist q s 1 - h i2® h ^ _ 
Let us check that 

F q = cxp(-2i 2 ® ei 2 )mod (si) . (53) 

Notice that the multiplier i 2 is required as far as (/-dependent terms must not 
contribute to the twist in the limit s — ► 0. Using the Heine's formula we can 
calculate explicitly 

Ad(W^W)o(q s ~ 1 ' fcu®*") = (10 Ad(W)° (<7' il2 )) s_1 - 

and 

Ad(W) o (g*«) = 1—- q h ™ = (1 - 2si 2 ei 2 )mod ( S 2 i) . 

1 - (1 - <r)s x t • ei2 

This together with (|51|l and l)52|l proves (|53|l . In the limit s — ► we get the 

special case of the general twisting element T-r = exp(£ ® E\) (sec (JBJ). 

3.1.3 g quantization of f) (cu) 
By definition 

/ * * \ 
t)(°^) =000 

\ / 

To find the necessary quantized carrier C/ 9 (t)'°' 1 - ) ) let us simplify the form of the 
corresponding Hopf subalgebra in f/^sta) . There in particular we have 

A(ei 3 ) = q~ hl3 ® ei 3 + ® 1 + (1 - <T 2 ) 9~' ll2 e 23 ® e u . 

Let us perform the twist transformation Uqish) — > Uq^R^sls) by applying the 
R— matrix factor twisting clement 

Ri = cxp g2 (-(q - q^ 1 ) e 2 i <S> ei 2 ). 

In the twisted algebra [/^^(sls) the coalgebra of Uq^ ' 1 ^) is generated by 

A(e i2 ) = g' 112 <g> ei2 + e 12 ® 1, A(e i3 ) = g^ 13 <g> ei 3 + e i3 <g> 1. 
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To define the quantum analogue of the twist Tn — exp(£ Exi ® Ei 3 ) - the 
special case of the general expression (JSJ with /i = - we consider the following 
q- twist: 

F q = (W ® W)R 1 A(W~ 1 ), W = exp 92 {s^t q- hl2 e 12 ) cxp q2 {s^t e 13 ) 

(Notice that [q~ hl2 e 12 , e 13 ] = 0). 
Explicitly, 

F q = (exp q2 (s~ 1 t q~ hl2 e 12 ) ® exp (J 2(s" 1 i ei 3 )) exp ? - 2 (-ts^ 1 q~ hl3 ® e 13 )- 

•exp 9 - 2 (-s~ 1 t q- hl2 e 12 ®q- hl2 )Ri. 

Using the relation 

Ad(exp g2 ( S - 1 t q- hl2 e 12 )) o (q~ h ™) = (1 - (1 - q^s'H ■ q- hl2 e 12 ) q \ ] q^ 

and assuming that q = 1 + s 2 t mod (s 3 i) we can check that 

F q = exp(i 3 ei2 ® ei 3 ) mod (si) . 

Another possible g-twist corresponding to the same bialgebraic structure looks 
like 

F' q = exp ?2 (i q- hl2 e 12 ®e 13 )q- h ™® h ™Rx. 

3.1.4 q quantization of f^ 1 ' 1 ) by embedding into U q (A 2 2 ^) 
By definition 
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The g-quantization of the classical r-matrix p = Ex3 A {Ex2 +-B23) can be related 
to the twist for U q {sls). Following ^B] we define here the q- twist in the root 
generators notation: 



exp^^i es- a -p (g)e_ (3 )exp 92 (< e S - a -p (g) e_ a ) exp ?2 (— igt ® e^ a -p)- 

exp g2 (-±(g - g _1 ) e a <g> e-p)K 

where 



e a =e a q? h *+u, e' s _g = [e a , e S - a -p], 



e- a = q 2 hff e- a , e-a = q 2 h f ) e-p, h-<x-p = q 2 ha+l3 es- a -p, 
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and 

h a = \ha + %hp, hp = + h^+p = hj~ - , e^p = q~? h ?e-p. 

In the limit s — > and assuming that q = 1 + st, we come to the following 
twist for [/(5I3): 

Ti = 

exp(ii E S - a -p ® S-^) exp(i E S - a -p ® £- a ) exp(-|t ® E_ a ^p) 

which can be considered as an afhnization of a twist quantizing the r-matrix 

1 1 

P = —^Es-a-p A E_p + -Es-p A E- a -p — Eg- a -p A £/_ a . 

On the other hand we can consider the quantum twisted affine Hopf alge- 
bra U q (A^) (see also ^7]) i.e. the Drinfeld-Jimbo quantization of the Cartan 
matrix: 

4 -2 \ 
-2 1 ) ' 

In the evaluation representation we have the Kac generators 
Hq = —2Hx3, Hi = Hi 3 , 
Eq — V2E31U, Ei — (E12 + E23), 
F = V2Ei 3 u~\ Fi = (E 2 i + E32). 

(2) 

The Drinfeld-Jimbo quantization U q (A<2 ) is defined by the relations 

foot. 1 &8— 2a] — _ ~4e,5_2Q; [^a:^a] — 2e Q , 

[es^2a,e-s+2a] = q „_ n -\ , [e„,e_ Q ] = 3 — — ^ , 









■ 1 




(-1 




\. DB -{ 








2 J 









A(e5-2a) = q ha ® e S -2a + es-2a <» 1, A(e Q ) = g 

A(e_ 5+2Q ) = e_5 +2 a <8 <?~ ha + 1 ® e_5 +2a , A(e_ Q ) = e_ a (8) g^" + 1 ® e_ Q , 
plus the Serre relations of the form: 

[[^ai 2a]g? &5~2a]q 0, [^aj [*-Qi [^ck: [*-qi [^ai &5 — 2a]q\q\q\q\q 

where 

[ei,ej] q := xy~q bi3 yx. 
Let us fix the normal ordering, 

a~<8 + 2a^.5 + a^.38 + 2a~<2S + a^.6^.2S-a^.35-2a^.6-a^.6-2a, 
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and define the corresponding ordering on the set of Chevalley generators in 
C/(4 2) ): 

E\ -< Eg -< E§ -< Eg — < Ef — < E3 -4 E4. — < i?6 — < i?2 -So 

where 

£ 2 = ^2(^21 - £32 X £3 = v/2(#i2 - ff 2 3)w, 

£4 - -3V2(£;i2 - Bus)*, £5 = 6V2E 13 u. 
Define the twisting element 

F q = (W®W)A(W- 1 ), W = expats" 1 e a ) expats' 1 e_ 5+2ct ). 

Explicitly, 

F q = exp^^s" 1 1 (g) e_5 +2 a) exp 9 - 4 (-ts _1 i^T (g) e_5+2 Q ) • 
■expats' 1 1 <g> e Q )exp g -i(-ts _1 q^' 1 <g, e Q ), 

where 



if:=(l-(l-9K 1 te4V ,, °. 
Imposing the relation q = 1 + s 2 t mod (s 3 i) , we can check that 

F q = exp(2i 3 e Q ® es+2a) mod (si) . 
In the limit s — > we come to the twisting element 

exp(2V2i 3 u (E 12 + E 23 ) ® B 13 ) 
that is the other special case of the general solution (JHJ, this time with fi = 1: 

.F TC - exp(£(£i 2 + £23) ® #13)- 

3.2 Non-Abelian two-dimensional subalgebras 

We have three types of nonequivalent non-Abelian quasi-Frobenius Lie subalge- 
bras in 5I3 

3.2.1 q quantization of b'°) 
In the case 

b (0) 



b(°) = * 00 + * 001 (54) 
\ -1 / \ / 

we introduce the quantum twist 

F q = (W®W)A(W -1 ), W — expq(ts~^ e Q ). 
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Explicitly, 

F g = (1 - (1 - 1 ® e a )^ {ham) , 

and put g = 1 + st mod (s 2 t) . Then in the limit s — > we come to the twist 

JF = exp(iJi 3 ® ln(l + * (£i 2 + £ 23 ))) 

(see (HHJ). 

3.2.2 quantization of bA 

By definition 



The Hopf algebra U q (b\) is the Hopf subalgebra containing ei 2 and ft. 2 3 — A/i^ 
with the coproducts 

A (/i23 - A/i^) = (h 23 - \h^ 2 ) + (h 23 - Xhi 2 ) , 
A(e i2 ) = g 2 ^3-2A^ 2 ei2 + ei2 L 

Note that we have the embedding C/ g (bA) >• Uqx^i^) into the twisted algebra 
UqXx( s h) where the corresponding twisting element is 

fc x _ „(2A-3) hj- 2 <S>h 23 _ 

Define the quantum twist 

F q = (exp g2 (s~ t ei 2 ) &> exp g2 (s _ i e i2 )) A(exp g - 2 (-s _: 4 e i2 )) = 
= (1 - (1 - q 2 )s-H 1 ® e 12 )^ ( ' l23 - A 

and put q = 1 + st mod (s 2 i) • In face of the evaluation 

F q = exp((-/i 23 + Xhi 2 ) ® ln(l + 2i 2 ei 2 )) mod (si) . 
we see that the desired quantization of the Jordanian twist (|15|l is obtained. 

3.2.3 q quantization of b' 1 ) 

This case is given by the 5(3 subalgebra 
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In f/ 9 (s[ 3 ) we have the coproducts: 

A(e 23 ) = q~ h23 <8> e 23 + e 23 <8> 1, 

A(e' 13 ) = g-' 113 ® e' 13 + e' 13 ® 1 + (q- 1 - q) q~ h ™e 12 ® e 23 , 
e'i 3 = e i2 e 23 - g e 23 ei 2 . 

Let us twist these coproducts by the R— matrix factor 

R 2 = cxp q2 (-(q - q~ v ) e 32 <g> e 23 ). 

This leads to the simplified coalgebra, 

Ai? 2 (e 23 ) = q h23 <8> e 23 + e 23 ® 1, A fl2 (e' 13 ) = g-' 113 ® e' 13 + e' 13 <g> 1. 

Consider the twisting factor 

/C = g-tfs®^, ^ = I( en + e33 ) _ |e 22 , 
then we obtain the coproducts 

A Kj r 2 (g"^ 3 e 23 ) = q~ 2h ™ ® q~ h ™e 2 z + q~ h ™e 2 z ® 1, 
A K i? 2 (ei 3 ) = q~ 2h ™ ® e' 13 + e' 13 ® 1. 

Note that we have the relation 

[«"''» e23,ei 3 ] =0. 

[/^(bW) is defined as the minimal Hopf subalgebra in U q xR 2 ( 5 h) containing 
e'13, e 23 , /i 23 . 

The quantum twist with the necessary limit properties will be constructed 
in terms of thus defined Hopf algebra U q (b^) . It contain two factors. The first 
one is a coboundary twist of the form 

= (W®W)A(W- 1 ), 
W = exp q - 2 (-s~H q^ h ^e 2 -i)exp q2 {s~ 2 t e' 13 ). 

Explicitly, 

F q = cxp q - 2 (-s^ 1 t 1 <gi q~ h ^e 23 ) exp q2 (s~ 1 t q~ 2h i3 ®q^ h ^e 23 )- 
■exp q2 (s~ 2 t 1 <g> e' 13 ) exp ? - 2 (-s 2 t q^ 2 ' 1 ^ ® e' 13 ). 

If 

q = 1 + s 2 t mod (s 3 t) 

then 

Fg 1 = cxp(/i 2 L 3 <g> ln(l + 2t 2 e' 13 )) mod (si) . 
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In the deformed Hopf algebra U q ,pi (b^) we have two group like elements 



Zi = Wq 2h ^W~ x = q 2h ^-_ 
Z 2 = Wq^W- 1 = q 2 ' ' 



( 9 -2-l) s -2 t ei3 

1 



l+(g 2 -l) s-H q- h 23e 2 a 

This allows us to use also the Abelian twist q 3 ' 1 ta(Zi)®in(Z 2 ) The product 

defines a g— twist with the property 

F q = exp((^ 3 + e 23 ) <S> ln(l + 2iV 13 )) mod (at) (55) 

Notice that in the limit q — ► 1 the quantum twist structures for b\, b^ and 
degenerate. They lead to equivalent families of ordinary Jordanian twists 
dJ ^ = exp(if®<7(0, (7(0=111(1+^). 

3.3 Quantum twists with four-dimensional carriers 

Similar to the previous study (Section 2) we consider separately the nonequiv- 
alent classes of four-dimensional Lie Frobenius subalgebras: 



/ 



* * * 



\ 



and 



1 01,02,03 — * 



0*0 
\ * J 



a 2 
V a 3 J 
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We had one family of solutions associated to r and three nonequivalent classes 
associated with a particular choice of (oi, a2, 03) (see l|21 |l .i[28 |l .l[32 |l and 1)41(1). 

3.3.1 Case t 

Due to the isomorphism 





/ 


* 


* \ 


r = 







* * 









* j 
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the case r can be treated similarly to b*- 1 -* . Define the q— twist as the coboundary 
twist 

F q = (W ®W)A(W- 1 ), 

W = exp q - 2 (-s'H q~ h ^e 23 )exp q2 (s~ 1 t e 13 ) 

and assume that q = 1 + st mod (s 2 t) . Explicitly, 

F q = cxp (? - 2 (-s _1 < 1 (g) q~ h ^e 2 3,) exp^s^t q^ 2h ^ <g> q~ h ^e 2 3)- 
■ exp ?2 (s~~ 1 t 1 (g> e' 13 ) exp g - 2 (— s~ x t q~ 2h 23 (gj e' 13 ) 

and 

F q = exp(-/ij L 3 ® ln(l + 2t 2 e 23 )) exp(/i 2 L 3 ® ln(l + 2t 2 e i3 )) mod (st) . 
In the limit s — > this expression gives the double- Jordanian twist (|41(l . 

3.3.2 Case q a i, a 2 ,a 3 

It was shown in the table (|20|l that we can subdivide the case q aii a2 ,a 3 into the 
subclasses according to their cohomological properties: 

f (01,02,03) = (0,1,-1), (1,1, -2) 

^ 2 (lai,»2,a 3 ) = < 

otherwise 

Apply the Abelian twist 

to the Hopf algebra U q (sl 3 ). Define U q (q ai ,a 2 ,a 3 ) as the minimal Hopf subalgebra 
in U qt fc(sh) containing ei 3 , ei2, e2 3 and = + C ^i" 3 - The coproduct of ei 3 
in U q ^(5[ 3 ) has the form 

A(eis) = q~ 2h < <g> ei 3 + ei 3 ® 1 + (1 - <? 2 ) ei 2 q~' 123 ® g ~ (2C+1) ' l ie 23 . 
The twist is defined by the coboundary expression 

F q = (W®W)A(W~ 1 ), W = expats- 1 e 13 ) 
and the limit s — > taken along the curve 

q = 1+ st mod (s 2 i) . 

gives two types of twists (I21|l and (|32|) . 

Now consider qo.i,-i- The corresponding r— matrix has the following form: 

ri(r?) = H 23 A £^23 + 2?y Si 2 A S X3 . 
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It is equivalent to the r— matrix 

r 2 (A) = H 23 A E 23 + A (H 23 A E 13 + E 12 A E 23 ) 
via the transformation: 

ra(i 1/277) = Adexp(i\/2r/ £ X2 ) ® exp(i\/2?7 E 12 ) o (7*1(77)). 
We can propose that U q (q 0,1,-1) is just a Hopf subalgebra in U q (sl 3 ) spanned 



by {ei2,e 23 ,g 



±h 12 n ±h 



! }. Though it seems that there is no easy way to obtain 



F q that contain the factors 

exp(itf 23 ® ln(l + tBaa - #? 3 )) exp(?/ 2 t 2 S 12 g> £ 13 ). 

necessary to guarantee the desired properties. 

3.4 Quantum twist with six-dimensional carrier 

As it was mentioned above up to the conjugation the only six-dimensional sub- 
algebra is 



s(S * % 



* * 



V 



/ 



Let U q (p) be a Hopf subalgebra in the algebra £/ 9 ,k;(s[ 3 ) obtained as a deforma- 
tion of U q (sl3) by the Abelian twist K, 

= q h 12<» h 23 

In the subalgebra U q (p) we have the following coproducts: 

A/c(e 12 ) = q- 2h i3 (g) ei2 + e 12 ® 1, 

A)c(q~ h ^e23) = q~ 2h ^ <g> q~ h ^e 23 + q~ h * 3 e 23 <g> 1, 
Ax (e 32 ) = e 32 <g> g -2 ' 8 " + 1 ® e 32 . 

It follows, JSIj that the element 

F/CAf = exp g - 2 ((g - g _1 )t e 32 ® ei 2 ). 

is a twist for U q (p). 

Let us consider the twist F q equivalent to -F/cM ; 



here 



F 9 = {W®W)F KM A(W- 



W = exp 2 {t 2 s 1 ei 2 )exp 2 (ts l q h ^e 23 ) exp 2 (t 2 s 1 ei 2 ). 
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Explicitly we have 

F q = (exp^s" 1 ei 2 ) expats" 1 q~ h ™e 23 ) ® W)- 

■ exp 9 - 2 {{q-q- l )t e 32 ® e 12 ) ■ exp g - 2 (-^s^ 1 q ~ 2h i3 <g> ei 2 )- 

•exp 9 - 2 (-ts" 1 <r' i23 e 23 <g> 1) • exp ? - 2 (-is -1 g^ 2 ^ ® g-^e^). 

• exp 9 - 2 (-t 2 s _1 ei2 ® 1) exp 9 - 2 (-t 2 s _1 g^ 2 ' 1 ^ ® ei 2 ). 

To transform F q further we use the commutation property 
[q~ h ™e 23 , e 32 ] = 



— 2/) —1h A 



9 - 9 1 

and the relations 
exp g - 2 ((g - q~ x )t e 32 ® ei 2 ) exp g - 2 (-is" 1 g- 2 ' 1 ^ q~ h ^e 23 ) = 

cxp 9 - 2 (-ts _1 q -271 ^ g~' l 23 e2 3) cxp 9 - 2 ((l - g 2 )s _1 i 2 e 32 <7~ 2ft 'i 2 ® q^^e 

• exp 9 -2 ((q - q~ r )t e 32 ® ei 2 ). 

As a result the corresponding factors in F q can be transposed, 

cxp 9 - 2 ((q - q~ r )t e 32 ® e i2 ) exp 9 - 2 (-i 2 s _1 q" 2 ' 1 ^ ® ei 2 ) x 

x exp 9 - 2 (-ts _1 q~' i23 e 23 ® 1) = 

= cxp 9 -2(-ts _1 q~ h23 e 23 ® l)cxp 9 -2(-t 2 s _1 q- 271 ^ <g> ei 2 ) x 

x exp ? - 2 (((7 - q- r )t e 32 ® e i2 ), 

and the twisting element takes the form 

F q = (1 ® WOcxpg-sM 2 ^ 1 fT 2 ' 1 " ® ei 2 )x 
x exp 9 -2(-is _1 q _2,l i2 (X> <7 _/l23 e 23 )x 
x exp 9 - 2 ((l - q 2 )s~ 1 t 2 e 32 q~ 2h ^ ® g- /l 23 e ' 13 )x 
x exp 9 - 2 ((<? - q- x )t e 32 ® d 2 ) exp 9 - 2 (-t 2 s _1 <T 2 ' 1 " ® ei 2 ). 

Now taking into account that the following commutator iz zero, 

[expats -1 1 ® <7 _/l23 e 23 )exp 9 2(t 2 s _1 1 ® ei 2 ), 

exp 9 -2(-t 2 s _1 q- 2h i~2 ® ei2 ) exp 9 -2 (-ts -1 g" 2 ' 1 ^ ® (7 _/l23 e 23 )] = 0, 

the final expression for the q-twisting element can be obtained: 

F q = cxp 9 2(t 2 s _1 1 ® ei 2 )exp g - 2 (-t 2 s _1 q- 2h ^ ® ei 2 )x 

x cxp^is -1 1 ® <7 _ '' 23 e 23 ) • exp g - 2 (-ts _1 <?~ 2/l i2 ® q^ae^x 
x cxp 9 - 2 ((l - q^a^t 2 e 32 q~ 2fl23 ® 5 _,i23 e'i 3 )x 



x exp 9 -2((q - q 1 )ie 32 ®e 12 )x 
3 9 2(t 2 s _1 1 ® ei 2 )exp ? 



xexp 2 (t 2 s 1 1 ® ei 2 )exp 2 (-t 2 s x q 2h ^®e 12 ). 
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Assuming q = 1+st mod (s 2 i) and applying the Heine's formula we can calculate 
the limit s — > which gives the twist: 

exp(i7 1 L 2 <g> ln(l + 2i 3 £12)) exp(i/ 1 L 2 <g> ln(l + 2< 2 E 23 )) x 
x exp 

This expression is the special case of the parabolic twist obtained in ^1] and 
presented here in Section 2 (see lj4"6*l l). 

4 Conclusions 

We have shown that the factorization property presents the possibility to obtain 
all the solutions to the twist equations for algebra U(sl(3)). The full list of the 
antisymmetric classical r-matrices, constant solutions of CYBE, was quantized 
and the corresponding twists were constructed explicitly in the form of product 
of twisting factors. Each of these factors refers to an independent solution of 
the twist equation. 

We have also demonstrated that when the Drinfcld-Jimbo r-matrix and the 
antisymmetric r-matrix corresponding to the twist are compatible (that is their 
sum gives rise to a solution for the modified classical Yang-Baxter equation) the 
quantum counterpart of this twist can be obtained. 

It is known that triangular twists permit to deform integrable models related 
to Yangians \HJ\. We suppose that constructed coboundary g-analogues of trian- 
gular twists give rise to a possibility to study mentioned above deformed models 
starting directly from known anisotropic models. The latter being connected 
with the corresponding quantum affine algebras are similarly transformed under 
coboundary twists. Hence a new basis of eigenvectors will appear. 
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Appendix 

Contrary to the situation described in the beginning of the subsection 2.6.1 the 
peripheric carriers L^o (Lo,i) present more interesting possibilities - the twisting 
elements can be enlarged by the additional factors. These constructions can be 
proved to be equivalent to the ordinary double-Cartan case described in 1.3.2 
but deserve separate presentation. Here the carrier L^o is more convenient for 
our purposes and the peripheric twist looks like 

T v = exp(^E 12 <g) E 23 ) exp(H P <gi <t(£)), (56) 
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with 

H v = ^E u - ^E 22 - ^E 33 , (7(0 = ln(l + ££ 13 ) (57) 
The costructure can be obtained from l|22l) : 

A V (H V ) = H v (g> e~ a + 1 (g) iJ-p - En <8> E 2 3e- cr , 
A r (Ei 2 ) = E-L2®1 + 1®E 12 , 

(58) 

A V {E 23 ) = E 23 (g> +e' T (g> E 23 , 
A v {E l3 ) = E 13 <g> e a + 1 <g> E l3 . 

The element -E12 remains primitive. Now in q there is a Cartan element 

H x = ^E n - 2 -E 22 + ^33, (59) 

whose dual is orthogonal to A — e\ — e 3 . Consequently this element also remains 
primitive after the peripheric twist T-p. The corresponding Borel subalgebra 
B(2) with the generators H ± ,Ei 2 can be twisted additionally by the Jordanian 
twist ()llf) . As a result the triple of twisting factors form a twist 

Tj V j = exp(ff i ® o- xa (0) exp(£Ei 2 ® #23 ) exp(ff P ® (60) 

with 

^2(0=111(1 + ^2). (61) 

Still the carrier algebra for this twist cannot have the dimension greater than 
four. In the classical r-matrix the additional term originating from the factor 
exp(^i/ J - (g) (T12) induces a change of the -E23 basic element for B — E 23 — 
£H . With this change the four-dimensional space of the carrier generated by 
, E\ 2 ,E\ 3 ,B = H 1 - — jE 23 ^ becomes closed under the compositions of 9. 
Thus we obtain the deformation L^ c f with the relations 

[H v , E X2 \ = -E12, [H V ,B] = 0, 

[H v ,E l3 ]=E 13 , [E 12 ,E 13 ] = 0, (62) 

[Ei 2 , B] = E 13 + (,E\ 2 . 

Despite the fact that the deforming function /i with [i(Ei 2 ,B) = _E 12 is a 
coboundary (/i G _B 2 (L 10 , Li )) this deformation is nontrivial. This can be 
checked by inspecting the ranks: rank(Li o) = 1 and rank(Li c ') = 2. (Notice 
that the similarity transformation that cancels /1 brings the cohomologically non- 
trivial term in the second order of the deformation parameter.) Thus incorpo- 
rating the generator H 1 - in the structure of the twist we have passed to the new 
carrier Lf 6 Q. The latter must be identified with a Frobenius subalgebra in g. To 
find such consider the new basis {H = H-p — B, B, A = £,E\ 2 + Ei 3 , E = E\ 3 }. 
Now the commutation relations are 

[H,A]=Q, [B,A]=A, [H,B]=Q, 

[H, E] = E, [B, E] = 0, [A, E] = 0, {0 > 
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Thus L?^ = B(2)©B(2) (the structure that we had in ©). Obviously having 
this form for L^ c q we can apply to it the double- Jordanian twist H4U|) : 

Tjj = exp(H (g) a E )exp(B(g> a A ) o A = hi(l + A), a E = ln(l + E). (64) 

Returning to the initial basis in q it can be written as 

Fjj = exp(H ± ® (cr {(El2+Eia ) - ci 3 ) - |^23 ® (o-($b 12 +b 13 ) - 0-13)) 

exp(i/p (g) CT13 ) 
= exp^if- 1 <g> (<7(£E ia +E 13 ) - ^13)) exp(- J B 2 3 O E 12 e~ ai ' i ) 

exp(i/p ® CT13 ) 
= cxp(i/^ (g) cr(e£ 12 +_E 13 )) exp(-£; 2 3 ® E X2 ) 

exp((^ P -iJ ± )(gCTi 3 ) 

(65) 

The form of the twisting element looks similar to that of 16Ufl but is differ- 
ent. Notice that here the first two twisting factors present the peripheric twist 
that produces the primitive coproduct for the element i?23- So the last quasi- 
Jordanian factor is based on the quasiprimitive combination of elements. The 
r- matrix is the same as in the case (|6Q|) . 
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